Abstract. An induced matching M in a graph G is a matching in G that is also the edge set of an induced subgraph of G. That is, any edge not in M must have no more than one incident vertex saturated by M . The maximum size |M | of an induced matching M of G is maximum induced matching number of G, which is denoted by Max(G). In this article, we obtain upper bounds for Max(G), for G = G n,m , grids with n, m ≥ 9, m ≡ 1 mod 4 and nm odd.
The above bound is certainly not a sharp one and therefore, Joos in [6] , presented the following bound:
The last bound is subject to the size of ∆(G). He also showed that it holds for ∆(G) = 1000 and this, according to him, could be reviewed down to 200. In the end, he conjectured that this bound holds for ∆(G) ≥ 3 with the exception of certain graphs that he listed. Inspired by the work in [6] , Nguyen [8] showed that the conjecture is true for ∆(G) = 4 as long as G is not one of the exception graphs.
The maximum induced matching number of many graphs can be obtained efficiently just as in the cases of chordal graphs [2] , bounds of bounded cliques width, intersection graphs [1] , circular arc graphs [5] among others.
A grid G n,m is obtained by the Cartesian product of any two paths of lengths n and m, where n, m ≥ 2 are integers, representing rows and columns of the grid, respectively. We introduce an odd grid as a grid whose path factors are of odd order. Marinescu-Ghemaci in [7] , obtained Max(G) values for all grids with even nm, and some cases where nm is odd. She also gave useful lower and upper bounds. Particularly, she showed that for any odd grid G n,m , Max(G n,m ) ≤ . This paper improves Marinescu-Ghemachi's upper bound for G n,m , n, m odd, m ≡ 1 mod 4. The results provide new upper bounds for some cases whose lower bounds were established in [7] and thus, in a number of situations, precise values of Max(G n,m ) were obtained. These may also prove useful in probing some of the conjectures left in [7] .
Definitions and Preliminary Results
Grid, G n,m , as defined in this work, is the Cartesian product of paths P n and P m with n and m being positive integers, where P n and P m have disjoint vertex sets V (P n ) = {u 1 , u 2 , · · · , u n } and V (P m ) = {v 1 , v 2 , · · · , v m }, respectively. Unless explicitly stated, n is any odd integer, m ≡ 1 mod 4 and 2 ≤ n ≤ m. We introduce the following notations:
A vertex v is said to be saturated by an induced matching M if it is a member of an edge in M and unsaturated by M, otherwise. We say v is saturable if v is saturated by M or if v is unsaturated by M, then for every saturated vertex u in V (G), d(v, u) ≥ 2. This implies that an unsaturated vertex can become saturated if there is no saturated vertex within distance 2. If v can not be saturated, then we say v is an isolated saturable vertex. A boundary vertex is a vertex on any of V 1 , V n , U 1 , U m . As we shall see in this work however, boundaries of some subgraph are defined. A saturable vertex v in subgraph G a of G, which is not saturated by induced matching M a of G a can still be saturated by M of G in case v is on the boundary of G a . However, if v is not on the boundary of G a , then v is isolated. The sets of all saturated vertices, saturable vertices and isolated vertices in a graph G are denoted by V s (G), V sb (G) and V is (G), respectively. Clearly, |V s (G)| is even and
Saturable vertices as black squares and an isolated vertex as white square in an induced matching of G 4,5
The following results about grid G n,m are from [7] : Lemma 2.1. Let m, n ≥ 2 be two positive integers.
(a) If m ≡ 2 mod 4 and n odd, then,
, for n ∈ {3, 5}. .
The obvious implication of Theorem 2.3, based on the proof, is that
, for n, m odd.
Results
We start our results by stating a few observations. Lemma 3.1. Let M be an induced matching of
Case I: Suppose m ≡ 3 mod 4, m ≥ 7. Then m = 4k + 3 for some positive integers k. By Lemma 2.1 and Theorem 2.2, |V s (G a )| = 6k. Now, with u {1,2} v 2 ∈ M, u 3 v 1 is saturable, by its position and V s (G a ) = V sb (G a ). Since m − 3 is even, then either u 3 v 3 remains isolated (or unsaturated) or if it is forced to be saturated with u 3 v 4 , a saturable vertex in V (G a ) becomes isolated (or unsaturated). So without loss of generality, we set u 3 v 3 as unsaturated. Therefore G 3,m contains 3 + 6k saturable vertices and then, |M| ≤ 3k + 1, which is a contradiction since by Theorem 2.2, Max(G 3,m ) = 3k + 2. Note that m = 3, has been covered by Remark 3.1.
Case II: Suppose m ≡ 1 mod 4. From Lemma 2.1, Theorem 2.2 and following similar argument as in Case I, we see that if u {1,2} v 2 ∈ M then one vertex in V sb (G 3 , m) will become isolated and therefore, |V sb (G 3,m )| = 6k + 1. Hence |M| ≤ 3k and a contradiction since Max(G 3,m ) = 3k + 1 if m = 4k + 1.
Case III: If m ≡ 0 mod 4, then m − 3 ≡ 1 mod 4, and by Remark 2.1,
By following the argument in the previous cases, we see that |V sb (G a )| = 6k − 1. Therefore, |M| ≤ 3k − 1, which is less than 3k.
Case IV: If m ≡ 2 mod 4, then m − 3 ≡ 3 mod 4 and therefore,
= 6k − 1, which is odd. Therefore, there exists a saturable vertex in V (G a ), which can pair with u 3 v 3 and thus the two vertices become saturated. This way, we have the total saturable vertices in G 3,m , which has u {1,2} v 2 ∈ M, to be 6k + 3 which implies that |M| ≤ 3k + 1. But from the results in Theorem 2.2, if m ≡ 2 mod 4, Max(G 3,m ) = 3k + 2. This is a contradiction and the claim holds. Case III: If j + 1 is even, we follow similar arguments as the earlier cases. 
Proof. For some positive integers k, let m = 4k + 1. Now suppose that j ≡ 3 mod 4. This implies that j + 3 ≡ 2 mod 4 and
respectively. By earlier result and remark,
By earlier lemma and result, we have that |V sb (G a )| = 6l + 3.
and therefore, |M| = 3k, which is a contradiction.
Remark 3.3. By following similar argument as in the last result, it is easy to see 
} must contain ten saturated vertices, (including u 2 v j and u 2 v j+8 ). Clearly, vertices u 2 v j+1 , u 2 v j+7 , u 3 v j and u 3 v j+8 can not be saturated by G a . It is clear, therefore, that G a only has 8 saturable vertices, which is a contradiction. Thus, there exists two more saturated vertices in U 1 , and hence the claim. Parts (b) and (c) follow from (a).
Remark 3.4.
(a) Since there are five saturated vertices between u 3 v j and u 3 v j+8 and there exist only one saturated vertex between u 2 v j and u 2 v j+8 , then there are edges e 1 , e 2 
(b) Suppose m = 4k + 1, k being positive integers, then, at G c = G 1,m ⊂ G 3,m , induced by either V 1 or V 3 , there exists at least k edges of G c in the maximum induced matching M of (G 3,m ) .
A G 3,9 grid with M ax(G 3,9 ) = 7
Next, we consider the grid G 4,m , m ≡ 1 mod 4. saturated vertices. Then, for any edge other saturated vertices in saturated vertices in U 4 , then suppose v k is saturable in U 3 , v k is not incident to a saturable vertex in U 4 . Also, since V s (G a ) = V sb (G a ), then there is no saturable vertex in U 2 to which v k is incident to form an edge in M. Thus, suppose there exists a vertex v k−1 , adjacent to v k ∈ U 3 , v k−1 will be adjacent to a saturated vertex in U 2 since there can not be two adjacent vertices both of which are not saturated in U 2 . Thus, v k is isolated. saturable vertices, with |M| = Max(G n,m ), then no two saturated vertices, say,
A G 4,9 Grid with M ax(G 4,9 ) = 11
Next we observe some results in the grid G 5,m , where m ≡ 1 mod 4. Proof.
(a) By Theorem 2.2, |M| = 6. Suppose that u {1,2} v 1 ∈ M and that no other vertex in V 1 is saturated. Clearly, u 1 v 2 and u 2 v 2 can not be saturated. Therefore, there can only be 2 saturated vertices in V 2 . Suppose u [4, 5] There exists a saturated vertex u 2 ∈ V 2 such that given some vertex
. Clearly G 5,2 will contain at most 6 saturated vertices. Suppose that u a , u b are saturated in V 5 , and u a u b / ∈ E(G 5,5 ), then u a and u b form 2 edges with adjacent vertices v a , v b ∈ V 4 . However, it can be seen that if this is so, there would be, at most, only 4 saturable vertices in G ′′ , apart from v a and v b , and at least 1 of which is an isolated vertex. Thus, there could only be 4 saturated vertices in G ′′ , which is a contradiction. Suppose u 3 v {2,3} ∈ M. It is easy to see by observation that it is impossible to have the matching in subgraph G f ⊂ G 5,5 , induced by 5 ) since it contains at most 3 edges in M without any of them being made up of adjacent vertices in V 5 .
Lemma 3.8. Let M be a maximum induced matching of G 5,9 . If v {1,2} u 1 ∈ M, and there is at most one more saturated vertex
). Suppose that v 1 = u 4 v 1 , then since it is the only lone saturated vertex on Remark 3.5. Let G a ⊆ G n,m be a G 5,9 grid induced by V 1 , V 2 , · · · , V 9 , an induced matching M. From Lemma 3.7 and Lemma 3.9, we see that if u {1,2} v i ∈ M, it is possible to have some M a ⊆ M, for which |M a | = Max(G a ) as seen in the grid above. Also, from Lemma 3.9, since V 1 has 3 saturated vertices with 2 of them being adjacent, then for M a to be maximal, V 9 will also have 3 saturated vertices. It is easy to determine, however, that if this scheme extends to m ≥ 13, then |M| = Max(G n,m ) since |M| ≤ 11 + 4j + 5k, j ≥ k, and j − k ≤ 1. . Therefore, there are 2 saturable vertices, say,
Suppose that u {1,2} v 1 ∈ M, then there are two adjacent saturated vertices in V 9 and at least a saturated boundary vertex, by Lemma 3.9 and Remark 3.5. This implies that there are two adjacent saturable vertices on V 10 , say u 1 , u 2 . Now, there could be at most one edge in M from {u 1 , which is less than Max(G 5,m ) by an edge, and hence a contradiction. For q = 3, the result is similar to that obtained by careful observation of the positions u 1 , u 2 and the possible isolated vertex or vertices on G a . is odd, also from Lemma 3.10, the number of saturated vertices on U 1 is even and there cannot be any isolated vertex on U 1 if M is a maximal induced matching of G 5,m . Therefore, for G 1 ⊂ G 5,m , induced by U 1 , there exists at least k + 1 edges of G 1 in M, for m ≥ 13. For m = 9, there are at least k edges in G 1 as seen in the last figure. , saturated vertices on U r and these are u r v 2 , u r v 4 , · · · , u r v m−1 . Let G b be a G 5,m grid, induced by V r+1 , V r+2 , · · · , V n and G c be a G 1,m grid, induced by U r+1 . By Remark 3.6, there are k + 1 edges of E(G c ) in M. Clearly a saturated vertex induced by M on each of the k + 1 edges is adjacent to some saturated vertices in U r , implying that only one of the two saturated vertices belongs to V sb (G n,m ). Hence, V sb (G n,m ) ≤ . For n = 4l + 3, set s = n−3, that is, s ≡ 0 mod 4. By Remark 3.6, and following the argument above, V sb (G n,m ) = ⌋.
